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We verify that quadratic divergences stemming from gravitational corrections to QED which
have been conjectured to lead to asymptotic freedom near Planck scale are arbitrary (regulariza-
tion dependent) and compatible with zero. Moreover we explicitly show that such arbitrary term
contributes to the beta function of QED in a gauge dependent way in the gravitational sector.
PACS numbers: 04.60.-m 11.15.Bt 11.10.Hi
Gravitational effects in Quantum Field Theory
can only be obtained in the context of effective
theories. This situation resembles the early days
of Quantum Mechanics when the study of matter-
radiation interaction was treated in a similar fash-
ion. Matter was quantized while electromagnetic
field was treated classically. Nonetheless in both
cases relevant information has been extracted from
such effective theories. In the case of quantum
gravity the issue of effective theories has been dis-
cussed in depth in [1–5].
Recently a most challenging far reaching result
has been put forth by Robinson andWilczek. They
showed that quantum gravitational effects may
contribute to asymptotic freedom in gauge theo-
ries [6]. As to be expected several independent
investigations started to appear arguing either in
favor or against the result. Within the context of
the Einstein-Yang-Mills model, in [7] it is argued
that the quadratic divergences ultimately respon-
sible for asymptotic freedom are canceled in some
step of the calculation. In [8] the gauge depen-
dence of the gluon and graviton propagator are
included and asymptotic freedom remains, being
however gauge dependent in what concerns the
gravitational sector. Results in the context of the
Einstein- Maxwell model, are also contradictory.
The issue of the gauge dependence has been ad-
dressed in ref [9]. Also in [7, 10, 11] the quadratic
divergences appear again as the agent of asymp-
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totic freedom in this model. In [12] it is shown that
quadratic divergences are intrinsically ambiguous
in a regularization independent way. Other regu-
larization dependence may arise during the calcu-
lations since surface terms will certainly appear if
quadratic divergences are present and are evalu-
ated differently in different regularizations. The
authors of [13] also argue that quadratic diver-
gences are devoid of physical significance, since
they may be eliminated by a redefinition of the
fields in the original Lagrangian. An argument
along a different line was given recently in ref
[14] where it is argued that the linearized space-
time metric is not a solution of Einstein equation.
Against the existence of asymptotic freedom in the
context of the Einstein-Maxwell model a calcula-
tion is presented which leaves arbitrary gauge pa-
rameters (both for the photon and graviton sec-
tors) and concludes that the results are dependent
on the gravitational gauge only [15]. Moreover it
is shown that in the limit of zero mass quadratic
divergences disappear, in agreement with Dimen-
sional Regularization.
Given the nature of the discrepancies in the re-
sults in the literature regarding both gauge and
regularization dependence we believe it is perti-
nent to present a calculation using the most gen-
eral parametrization of logarithmic and quadratic
integrals which allows one to display ambiguities
arising either from divergences as well as those in-
trinsic to perturbative calculations such as surface
terms. We carry all ambiguities till the end of the
calculation.
We show that there appears in fact a quadratic
divergence which could in principle be responsible
for asymptotic freedom. It is however intrinsically
ambiguous as it is both regularization and gauge
(in the gravitational sector) dependent.
2We start by describing the model. We couple
scalar electrodynamics with gravitation as follows
S =
∫
d4x
√
−g
[
− 1
4
(gµαgνβFµαFνβ) +
gµν(Dµφ)(Dνφ)
∗ −m2φφ∗ + 2
κ2
R
]
, (1)
where in (1), Fµν is the (Maxwell) field strength
tensor, (Dµφ) = (∂µφ + ieAµφ) represents the co-
variant derivative, gµν the space time metric, κ =√
32piG the gravitational coupling constant and
R the scalar curvature tensor. We use the weak
field approximation, linearizing the metric around
a Minkowski background ηµν = (1,−1,−1,−1) in
the following way
gµν = ηµν + κhµν , (2)
with hµν in eq. (2) being the deviation from the
flat background.
The propagator of the scalar field is
∆(p) =
i
p2 −m2 , (3)
whereas the graviton propagator with explicit
gauge dependence reads
∆αλσβ(k) =
iPαλσβ
(k2 − µ2) +
1
2
(ξ−1) iM
αλσβ
(k2 − µ2)2 , (4)
with
Pαλσβ =
1
2
(
ηβλησα + ηβαηλσ − ηαλησβ
)
, (5)
Mαλσβ =
(
ηασ(kλkβ) + ηαβ(kλkσ) + ηλσ(kαkβ)
+ηλβ(kαkσ)
)
(6)
and µ is a fictitious mass which we will set to zero
at the end of calculation. The photon propagator
as usual is given by
∆µν(k) =
−iηµν
(k2 − µ2) − i
(1− α)
α
kµkν
(k2 − µ2)2 , (7)
in an arbitrary gauge α.
The one loop corrections to the photon propa-
gator for scalar QED in weak gravitational field
approximation (2) are depicted in figures (1) and
(2) respectively.
The graviton-photon vertices in fig. (1) are given
by
FIG. 1: One-loop gravitational corrections to the pho-
ton propagator. Solid and wavy lines represent gravi-
ton and photon propagators respectively.
FIG. 2: One-loop matter field corrections to the pho-
ton propagator. Dashed line represents the scalar
field.
V λθγδ(p, p′) = iκ
{
Pλθγδ(p · p′)
+
1
2
[
ηγδ
(
pθp′λ + pλp′θ
)
+ ηλθpδp′γ − ηλδp′γpθ
−ηλγpδp′θ − ηθγpδp′λ − ηθδpλp′γ
] }
, (8)
where, the term Pλθγδ is given by in (5).
V στθδρξ(p, p′) = i
κ2
4
{
ηδθηρσΩ˜τξ + 2ητθησδΩ˜ρξ
+ηστ
{
ηξ[ρΩδ]θ + ηξ[ρΩθ]δ − ηρ(δΩθ)ξ
}
+ηδθ
{
ηξ[ρΩσ]τ + ηξ[ρΩτ ]σ + ητ [σΩρ]ξ
}
+2
{
ηξ[σΩδ][τηθ]ρ + ηξ[τΩθ][σηδ]ρ
}
+4ησδ
{
ηρ(θΩτ)ξ + ηξ[θΩρ]τ + ηξ[τΩρ]θ
}
+(p · p′)
{
ηδθητ [ρησ]ξ + ητσηθ(ρηδ)ξ
−4ησδηθ(ρηξ)τ
}}
, (9)
where Ωµν = pµp′ν , Ω˜µν = ηµν(p · p′) − Ωµν and
the parentheses (brackets) indicate symmetriza-
tion (anti-symmetrization) in the indices. In fig.
(2), the photon scalar field vertices are
V γ(p, p′) = −ie(p+ p′)γ (10)
3and
V γβ = 2ie2ηγβ (11)
respectively.
The photon self energy correction to one loop or-
der is given by the sum of the amplitudes depicted
in figs. (1) and (2). They read
Πµν1a (p) =
∫
k
∆αδ(k)V
γλµδ(p, p− k)∆γλβσ(k)
×V βσνα(p− k, p), (12)
Πµν1b (p) =
∫
k
V αλσβµν(p, p′)∆αλσβ(k), (13)
Πµν2a (p) =
∫
k
V µ(p+ 2k)∆(p)V ν(p+ 2k)
×∆(p+ k), (14)
Πµν2b (p) =
∫
k
V µν∆(p), (15)
where, for brevity,
∫
k
=
∫
d4k
(2pi)4 .
To evaluate these amplitudes we adopt a strat-
egy based on Implicit Regularization [16, 17].
Their ultraviolet content will be displayed in terms
of basic divergent integrals which depend on the
loop momentum only. The difference between ba-
sic divergent integrals which have the same su-
perficial degree of divergence but different Lorentz
structure in the internal momenta can be cast as
surface terms which are in principle arbitrarily val-
ued. In [18] it was shown that such arbitrariness
can be fixed on symmetry grounds (e.g. gauge
and supersymmetry) which is ultimately related
to momentum routing invariance in the Feynman
diagrams. Typical basic divergent integrals at one
loop order are given by
Ilog(µ
2) =
∫
k
1
(k2 − µ2)2 (16)
and
Iquad(µ
2) =
∫
k
1
(k2 − µ2) . (17)
Other basic loop divergent integrals appear in
the calculation, e.g.
I
µν
log(µ
2) =
∫
k
kµkν
(k2 − µ2)3 (18)
and
I
µν
quad(µ
2) =
∫
k
kµkν
(k2 − µ2)2 , (19)
which however are related to (16) and (17) through
surface terms.
We can parametrize the divergent integrals in a
general form [18]. For example, Ilog(µ
2) in equa-
tion (16) satisfies the regularization independent
equation
dIlog(µ
2)
dµ2
= − b
µ2
, (20)
where b = − i(4pi2) . The most parametrization com-
patible with equation (20) is
Ilog(µ
2) = b1 + b ln
(
Λ2
µ2
)
, (21)
with b1 is arbitrary constant. In analogous fashion,
I
µν
log(µ
2) can be written
I
µν
log(µ
2) =
gµν
4
[
b′1 + bln
(
Λ2
µ2
)]
, (22)
where b′1 is another arbitrary constant. The choice
of the arbitrary constant have a physical motiva-
tion. Notice that
gµνIlog(µ
2)− 4Iµνlog(µ2) =
∫
k
∂
∂kµ
kν
(k2 − µ2)2
= gµν(b1 − b′1) (23)
is a surface term, which is in principle arbi-
trary and generally regularization dependent as the
parametrization shown in eqs. (21) and (22).
Likewise, equation (17) satisfies
dIIquad(µ
2)
dµ2
= Ilog(µ
2) (24)
and the most consistent parametrization from (24)
is
Iquad(µ
2) = c1Λ
2 + bµ2 ln
(
Λ2
µ2
)
+ c′1µ
2. (25)
and, in analogous way
I
µν
quad(µ
2) =
gµν
2
[
c2Λ
2 + bµ2 ln
(
Λ2
µ2
)
+ c′2µ
2
]
,
(26)
4These parametrizations reveal the regularization
dependent character of quadratic divergence ex-
pressed by the dimensionless constants ci and c
′
i.
For instance, whilst c1 = c2 = 0 in dimensional
regularization, in sharp momentum cutoff they
evaluate to
c1 = c2 = −
i
64pi2
. (27)
In other words, while gauge invariance and mo-
mentum routing fix the surface terms to zero, c1,
for instance, remains undetermined.
After this brief discussion about regularization
ambiguities, we proceed to present our main re-
sults.
A lengthy yet straightforward calculation we get
Πµνtotal(p) = −κ2
[
(9ξ + 1)
24
F (p2)p2
+
(13ξ − 5)
4
Iquad(µ
2) +
(1 − α)
6α
F (p2)p2
+
(ξ − 1)(1− α)
4
F (p2)p2
](
p2ηµν − pµpν
)
−κ2
[
Υµν2 +
(1− α)
α
Υµν3 + (ξ − 1)Υ
µν
4
+(ξ − 1)(1− α)
α
Υµν5
]
−e2
[
1
3
F (p2)(ηµνp2 − pµpν)− 4Υµν1
]
, (28)
where the term F (p2) in equation (28) is given by
F (p2) = Ilog(µ
2)− i
16pi2
ln
(
− p
2
µ2
)
(29)
The infrared regulator expressed by ln(µ2) when
µ → 0 in finite part of the amplitude is canceled
against the infrared regulator in Ilog(µ
2) through
the regularization independent relation
Ilog(µ
2) = Ilog(λ
2)− i
16pi2
ln
(
µ2
λ2
)
, (30)
where λ2 is a non vanishing arbitrary parameter
which plays the role of renormalization group con-
stant [19].
In (28) the (regularization dependent) surface
terms read
Υµν1 = a2η
µν −
(
a1−
1
6
a3
)
(ηµνp2+2pµpν), (31)
Υµν2 =
a1
12
p2
(
13p2ηµν − 20pνpµ
)
−
[
a2
2
− 8a3
3
p2
] (
ηµνp2 − pµpν
)
, (32)
Υµν3 = (η
µνp4 − p2pµpν)[2a3 − a1], (33)
Υµν4 =
[
2(a3 + a1)p
2 + a2
]
(p2ηµν − pµpν
)
, (34)
Υµν5 =
[
3a1
2
− a3
]
p2
(
p2ηµν − pµpν
)
, (35)
where the terms a1, a2 and a3 are given by
a1η
µν =
1
4
ηµνIlog(µ
2)−
∫
k
kµkν
(k2 − µ2)3 , (36)
a2η
µν =
1
2
ηµνIquad(µ
2)−
∫
k
kµkν
(k2 − µ2)2 , (37)
and
a3η
{µνηαβ} =
1
24
η{µνηαβ}Ilog(µ
2)
−
∫
k
kµkνkαkβ
(k2 − µ2)4 , (38)
respectively.
Whilst quadratic divergences are canceled be-
tween the graphs in figure (2) there remains a
Iquad(µ
2) from the graphs in figure (1). This term
proportional to Iquad(µ
2) in (28) could give rise to
asymptotic freedom in electrodynamics as pointed
out by Toms in [10]. We show however that be-
sides being gauge dependent it is also intrinsically
undetermined as we can see in eqs (25) and (26)
respectively. As for the other indeterminacies con-
tained in eq. (28) expressed by the Υ′s (surface
terms) it can be easily checked that the terms ai,
with i = 1, ..., 3 are evaluated to zero in dimen-
sional regularization, rendering Πµνtotal transverse,
as it should. Within the framework of Implicit
Regularization we have demonstrated that both
momentum routing and gauge invariance are si-
multaneously satisfied if we set surface terms to
zero [18]. Results in the literature can be recov-
ered by choosing ξ = α = 1.
We get the β function from eq. (28). It is given
by
β =
e3
12pi2
− (13ξ − 5) ic1
2
Λ2κ2e, (39)
5where c1 in eq. (39) remains arbitrary and can
not be fixed by gauge invariance. In the same
sense, [20–22] also argue that the quadratic diver-
gence present in (28) should not exist because the
quadratic divergence dependence disappears when
physical processes are taking into account.
To summarize we have shown in a regularization
independent way that the quadratic divergences
which contribute to asymptotic freedom in QED
at the Planck scale is intrinsically undetermined
and gauge dependent.
A final comment is in order. In references [20–
22] it is argued that the cutoff dependence repre-
sented by the cutoff Λ should not affect physical
observables while in [23] and [24] it is performed
an Asymptotic Safe construction of QED coupled
to Quantum Einstein Gravity attaching physical
meaning to the cutoff. Because the quadratic di-
vergence ambiguity expressed by c1 is arbitrary
and compatible with positive values, it reveals an
essential ambiguity in gravitational corrections to
the running charge and thus cannot affect physical
observables.
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